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Introduction
Let G be a finite group, B a p-block of G with defect group D, and b the p-block
of NG(D) which is the Brauer correspondent of B . Let ν be the exponential valua-
tion of Z associated with p, normalized so that ν(p) = 1. The height of a character
χ in B is the non-negative integer h(χ) such that ν(χ(1)) = ν(|G|) − ν(|D|) + h(χ).
Similarly, the height of a character φ in b is the non-negative integer h(φ) such that
ν(φ(1))= ν(|NG(D)|)−ν(|D|)+h(φ). LetM(B) and M(b) be the sets of characters in B
and b of height 0. The Alperin–McKay conjecture asserts that |M(B)| = |M(b)|. Isaacs
and Navarro [1] have recently formulated the following refinement of this conjecture:
The Isaacs–Navarro conjecture. For any integer k not divisible by p, let Mk(B) be
the subset of characters χ in M(B) with degree χ(1)p′ ≡ ±k (mod p). Similarly, let
Mk(b) be the subset of characters φ of M(b) with degree φ(1)p′ ≡ ±k (mod p). Then
|Mck(B)| = |Mk(b)|, where c= |G: NG(D)|p′ .
Here np′ denotes the p′-part of the integer n, that is, n = npnp′ , where np = pν(n) is
the p-part of n. Isaacs and Navarro verified their conjecture in the following cases: D is
a cyclic group, G is a p-solvable group, G is one of a number of sporadic simple groups,
and G is a symmetric group of small degree. In this paper we show that the conjecture
holds for a symmetric group S(n) of arbitrary degree n. The tight fit of combinatorics
and the representation theory of these groups suggest deeper reasons for these unusual
coincidences.
A key ingredient in our arguments is a necessary and sufficient condition due to
Macdonald [2] for an irreducible character of S(n) to have degree relatively prime to p.
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In proving the conjecture for S(n) we construct explicit bijections between M(B) and
M(b)which induce bijections betweenMck(B) andMk(b). These bijections are essentially
contained in [3]. What is new in this paper is the analysis of the congruence classes modulo
p of degrees of characters of height 0. We shall use the following notation: G∨ denotes
the set of irreducible characters of a finite group G, and G′ denotes the derived subgroup
of G. A p-block in this paper is simply the set of irreducible characters in the block.
1. Global block theory for symmetric groups
Let µ be a partition of n. Let µ˜ and (µ1,µ2, . . . ,µp) be the p-core and p-quotient of µ.
The hooks of µ of length divisible by p are in bijection with the hooks of µ1,µ2, . . . ,µp ,
a hook of µ of length pm corresponding to a hook in the p-quotient of length m. We iterate
this process: Let µ˜i and (µi1,µi2, . . . ,µip) be the p-core and p-quotient of µi ; let µ˜ij and
(µij1,µij2, . . . ,µijp) be the p-core and p-quotient of µij , and so on. The configurations
{µ˜i1i2...ik : k  0} and {µi1i2...ik : k  0}
are called the p-core tower and the p-quotient tower of µ. Here µ˜∅ = µ˜ and µ∅ = µ.
Since µ is determined by its p-core and p-quotient, it follows that µ is determined by
its p-core tower. It will be convenient to set I = {1,2, . . . , p} and to represent elements
of the k-fold Cartesian product I k by i = (i1, i2, . . . , ik). By convention I 0 = {∅}. Set
ck(µ)=∑i∈I k |µ˜i |, and qk(µ)=∑i∈I k |µi | for any integer k  0. Then
q0(µ) = c0(µ)+ q1(µ)p,
q1(µ) = c1(µ)+ q2(µ)p,
q2(µ) = c2(µ)+ q3(µ)p,
...
so that
n= c0(µ)+ c1(µ)p+ c2(µ)p2 + c3(µ)p3 + · · · .
Thus the partition-valued function
fµ :
∐
k0
Ik →{p-core partitions}, i → µ˜i , (1.1)
satisfies
∑
k0
∑
i∈I k
∣∣fµ( i )∣∣pk = n. (1.2)
156 P. Fong / Journal of Algebra 260 (2003) 154–161
Conversely, any function satisfying (1.1) and (1.2) is the function fµ associated to the
p-core tower of a partition µ of n.
The irreducible characters ωµ of S(n) are labeled by partitionsµ of n. The degree of ωµ
is given by hook-length formula
ωµ(1)= n!
hµ
, (1.3)
where hµ =∏h∈Hµ h and Hµ is the multiset of hook lengths of µ. In particular, if ωµ is in
a block of S(n) with defect group D, then ωµ has height
h(ωµ)= ν(|D|)− ν(hµ). (1.4)
Let Hµ,p = {h ∈Hµ: p | h}, Hµ,p′ = {h ∈Hµ: p  h}, and set
hµ,p =
∏
h∈Hµ,p
h, hµ,p′ =
∏
h∈Hµ,p′
h.
Proposition 1.1 (The Macdonald condition). Let µ be a partition of n with p-core tower
{µ˜i : i ∈ Ik, k  0}. Then
ν(hµ)=
n−∑k0 ck(µ)
p− 1 . (1.5)
In particular, ωµ has p′-degree if and only if c0(µ)+ c1(µ)p+ c2(µ)p2 + c3(µ)p3 + · · ·
is the p-adic expansion of n.
Proof. See [2, (3.3)–(3.5)]. ✷
Lemma 1.2. Let µ be a partition of n with p-quotient tower {µi : i ∈ Ik, k  0}. Then
ωµ(1)p′ = (n!)p
′∏
k0
∏
i∈I k hµi ,p′
. (1.6)
Proof. We have
hµ = hµ,phµ,p′
= pq1(µ)
(∏
i∈I
hµi
)
hµ,p′
= pq1(µ)
(∏
i∈I
hµi ,phµi ,p′
)
hµ,p′
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= pq1(µ)+q2(µ)
(∏
i∈I 2
hµi
∏
i∈I
hµi ,p′
)
hµ,p′
= · · ·
= pq1(µ)+q2(µ)+···
∏
k0
∏
i∈I k
hµi ,p′ .
So (1.6) holds by (1.3). ✷
Let B be a block of S(n) with defect group D. We partition the underlying set Ω of
S(n) as Ω− ∪Ω+, where
Ω− = {x ∈Ω : Dx = x}, Ω+ =Ω −Ω−.
Set n− = |Ω−| and n+ = |Ω+| so that n = n− + n+. Let B+ be the principal block of
S(Ω+). The Nakayama conjecture implies B and B+ are parametrized respectively by a
p-core partition κ of n− and the empty partition ∅:
B = {ωµ ∈ S(Ω)∨: µ has p-core κ},
B+ =
{
ωµ+ ∈ S(Ω+)∨: µ+ has p-core ∅
}
.
D is then a Sylow p-subgroup of S(Ω+) and a defect group of B+. Given a partition µ
of n with p-core κ , let µ+ be the partition of n+ with p-core ∅ and p-quotient that of µ.
Conversely, given a partition µ+ of n+ with p-core ∅, let µ be the partition of n with
p-core κ and p-quotient that of µ+. The p-core towers of µ and µ+ differ only in their
initial terms. The correspondences µ → µ+ and µ+ → µ are inverses to each other and
induce a bijection B→ B+, ωµ → ωµ+ .
Lemma 1.3. The bijection B → B+, ωµ → ωµ+ is height-preserving. In particular,
ωµ ∈M(B) if and only if ∑k1 ck(µ)pk is the p-adic expansion of n+.
Proof. By (1.5),
ν(hµ) =
n−∑k0 ck(µ)
p− 1 ,
(1.7)
ν(hµ+) =
n+ −∑k1 ck(µ+)
p− 1 .
Thus ν(hµ)= ν(hµ+) since n− c0(µ)= n− |κ | = n+ and ck(µ)= ck(µ+) for k  1. So
h(ωµ)= h(ωµ+) by (1.4). In particular, ωµ ∈M(B) if and only if ωµ+ ∈M(B+), that is,
ωµ+ has p′-degree. By Proposition 1.1 this is the case if and only if
∑
k1 ck(µ)p
k is the
p-adic expansion of n+.
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2. Local block theory for symmetric groups
We continue with the preceding situation. Let
n+ = n1p+ n2p2 + n3p3 + · · ·
be the p-adic expansion of n+. Let∆k be disjoint sets of size nk for k  1. We may suppose
Ω+ =∐k1Ωk , where Ωk = (I k)∆k . The direct products S(Ik)∆k and ∏k1 S(Ik)∆k
act componentwise on Ωk and Ω+, respectively. Let X1 be the Sylow p-subgroup of
S(I) generated by the p-cycle (1,2, . . . , p); let Xk = X1  X1  · · ·  X1 be the k-fold
wreath product in S(Ik). Since ν(|Xk|)= 1+ p+p2 + · · · + pk−1, Xk is a Sylow p-sub-
group of S(Ik) and X∆11 ×X∆22 ×X∆33 × · · · is a Sylow p-subgroup of S(Ω+). We may
suppose
D =X∆11 ×X∆22 ×X∆33 × · · · . (2.1)
Let Yk be the normalizer of Xk in S(Ik). In particular, Y1 =X1E is a Frobenius group
with cyclic complement E of order p− 1. We have
Yk/X
′
k  Y k1 = Y1 × Y1 × · · · × Y1 (k times) (2.2)
by [3, Proposition (1.5)]. We may also prove (2.2) as follows. View permutations as
permutation matrices. If U is a fixed-point-free subgroup of S(m) and V is a transitive
subgroup of S(n), then
NS(mn)(U  V )
(
NS(m)(U)/U
)⊗NS(n)(V ). (2.3)
Here (NS(m)(U)/U) ⊗ NS(n)(V ) is the following set of matrices: Take any matrix in
NS(n)(V ) and replace entries 1 by arbitrary matrices in a fixed coset NS(m)(U)/U and
entries 0 by zero matrices of degree m. This gives
|U |n∣∣NS(m)(U)∣∣∣∣NS(n)(V )∣∣ (2.4)
matrices altogether. Since Xk =Xk−1 X1, it follows by (2.3) that
Yk = (Yk−1/Xk−1)⊗ Y1.
A calculation shows
X′k = (Xk−1 X1)′ =
(
Xk−1/X′k−1
)⊗ Ip,
where Ip is the identity matrix of degree p. Thus
Yk/X
′
k 
(
Yk−1/X′k−1
)× Y1  Y k1 .
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Equations (2.1) and (2.2) imply that
NS(Ω)(D) = S(Ω−)×
∏
k1
Yk  S(∆k), (2.5)
NS(Ω)(D)/D
′  S(Ω−)×
∏
k1
Y k1  S(∆k). (2.6)
The Brauer correspondent b of B consists of characters ωκ × φ, where ωκ is the
character of S(Ω−) corresponding to the p-core partition κ labeling B , φ =∏k1 φk ,
and φk ∈ (Yk S(∆k))∨. Since κ is a p-core, ωκ ×φ ∈M(b) if and only if φ has p′-degree.
By Clifford theory the restriction of such a φ to D contains only linear characters of D
as constituents. So we may view φ as a character of NS(Ω+)(D)/D′ and φk as a character
of Y k1  S(∆k). In particular, φk is labeled by a partition-valued function fk on (Y k1 )∨. An
explicit construction of φk from fk is given in Remark 2.1. Now Y∨1 = {ζ1, ζ2 . . . , ζp},
where ζ1, ζ2, . . . , ζp−1 have degree 1 and ζp has degree p − 1. So the characters in
(Y k1 )
∨ are k-tuples ζi = (ζi1 , ζi2, . . . , ζik ), where i = (i1, i2, . . . , ik) is in Ik . Since the
label fk satisfies
∑
i∈I k |fk(ζi)| = nk < p, the values of fk are p-core partitions. The
function
∐
k1
Ik →{p-core partitions}, i → fk(ζi) for i ∈ Ik,
is thus the function fµ+ associated to the p-core tower of a partition µ+ of n+ with empty
p-core. Moreover, ωµ+ ∈M(B+) by Proposition 1.1. Conversely, if ωµ+ ∈M(B+), then
fµ+ labels a character φµ+ of NS(Ω+)(D)/D′ and ωκ × φµ+ is in M(b). Thus M(B+) and
M(b) are in bijection via the correspondence ωµ+ → ωκ × φµ+ . But M(B) and M(B+)
are in bijection via the correspondence µ →µ+. Thus we have the bijection
M(B)→M(b), ωµ → ωκ × φµ+ . (2.7)
Remark 2.1. φk is constructed from fk as follows: Partition ∆k into disjoint subsets ∆k,i
of size |fk(ζi)| for i ∈ Ik . Let ξk be the character of the base group Y∆kk with compo-
nent ζi in positions indexed by elements of ∆k,i . We note ξk(1) ≡ ±1 (mod p) since
ζi(1)≡±1 (mod p) for all i . The stabilizer of ξk in S(∆k) is
S(∆k)ξk =
∏
i∈I k
S(∆k,i ).
ξk extends to a character E(ξk) of Y∆kk S(∆k)ξk . Let ωk be the character of S(∆k)ξk with
component ωfk(ζi) on S(∆k,i). Then
φk = IndY
∆k
k S(∆k)
Y
∆k
k S(∆k)ξk
(
E(ξk)ωk
)
.
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In particular, if φ = φµ+ , then fk(ζi)= µ˜i and
φk(1) =
∣∣S(∆k) : S(∆k)ξk ∣∣ξk(1)ωk(1)
= nk!ξk(1)
∏
i∈I k
1
|∆k,i|!
∏
i∈I k
|∆k,i |!
hµ˜i
≡ ± nk !∏
i∈I k hµ˜i
(mod p). (2.8)
3. The Isaacs–Navarro conjecture for symmetric groups
Lemma 3.1. Let ωκ × φµ+ ∈M(b). Then
ωκ(1)p′φµ+(1)p′ ≡ ±ωκ(1)p′
∏
k1
nk !∏
i∈I k hµ˜i
(mod p). (3.1)
Proof. This is immediate from (2.8). ✷
Lemma 3.2. Suppose µ is a partition of n and the p-core κ of µ is gotten by removing a
sequence of * hooks of length p from µ. Then
hµ,p′ ≡ (−1)*hκ,p′ = (−1)*hκ (mod p). (3.2)
Proof. Let D be a set of β-numbers for µ. A hook of µ corresponds to a pair (x, y) of
non-negative integers where x < y , x /∈ D, and y ∈ D. The hook (x, y) then has length
y − x . Suppose µ′ is gotten from µ by removing the hook (a, b) of length p. Removing
b from D and inserting a in D gives a set D′ of β-numbers for µ′. We compare p′-
hooks of D and D′, that is, hooks of length not divisible by p. A p′-hook (x, y) of D
with x = a and y = b remains a p′-hook of D′ of the same length. A p′-hook (x, b)
of D with x < a corresponds to the p′-hook (x, a) of D′ and b − x ≡ a − x (mod p).
A p′-hook (a, y) of D with y > b corresponds to the p′-hook (b, y) of D′ and y − a ≡
y − b (mod p). Lastly, D has p′-hooks with no counterparts in D′: Namely, (x, b) where
a < x < b and x /∈ D, and (a, y) where a < y < b and y ∈ D. These p − 1 hooks have
lengths 1, 2, . . . , p− 1. Since (p− 1)! ≡ −1 (mod p) by Wilson’s theorem, it follows that
hµ,p′ ≡ −hµ′,p′ (mod p). Iterating gives hµ,p′ ≡ (−1)*hκ,p′ ≡ (−1)*hκ (mod p) since κ
has no hooks of length divisible by p. ✷
Theorem 3.3. Let ωµ and ωκ × φµ+ be characters in M(B) and M(b) corresponding
under (2.7). Then
ωµ(1)p′ ≡
∣∣G :NG(D)∣∣p′ωκ(1)p′φµ+(1)p′ (mod p).
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Proof. Lemma 1.2 and (3.2) imply
ωµ(1)p′ ≡ ± (n!)p
′
hκ
∏
k1
∏
i∈I k hµ˜i
(mod p)
since hµ,p′ ≡ ±hκ (mod p) and since hµi,p′ ≡ ±hµ˜i (mod p) for i ∈ Ik and k  1. On the
other hand, (3.1) implies
ωκ(1)p′φµ+(1)p′ ≡ ±
(n−!)p′
hκ
∏
k1
nk!∏
i∈I k hµ˜i
(mod p).
The theorem now follows since
∣∣G :NG(D)∣∣p′ =
(
n!
n−!∏k1 |Yk|nknk !
)
p′
= (n!)p′
(n−!)p′∏k1(p− 1)knk nk!
≡ ± (n!)p′
(n−!)p′
∏
k1 nk!
(mod p)
by (2.4) and (2.5). ✷
Corollary 3.4 (Isaacs–Navarro). Suppose n  p. Then |M*(B)| ≡ 0 (mod p) for all
p′-numbers *.
Proof. It suffices to show p divides |M*(b)|. Since n  p, we may choose k  1 such
that |∆k|  1. Let ∼ be the following equivalence relation on the characters of M(b):
ωκ × φµ+ ∼ ωκ × φλ+ if the p-core towers of µ and λ differ only at level k, and at level k
the multisets {µ˜i : i ∈ Ik} and {λ˜i : i ∈ Ik} are the same. If ωκ × φµ+ ∼ ωκ × φλ+ , then
φµ+(1)≡±φλ+(1) (mod p) by (2.8). So it suffices to show that p divides the size of each
equivalence class. Suppose {µ˜i : i ∈ Ik} contains t distinct partitions and their multiplicities
are m1,m2, . . . ,mt . Then the class of ωκ × φµ+ has size
pk(pk − 1)(pk − 2) · · · (pk −m+ 1)
m1!m2!m3! · · ·mt ! , (3.3)
where m=m1 +m2 + · · · +mt . Thus p divides (3.3) since m nk < p. ✷
References
[1] I.M. Isaacs, G. Navarro, New refinements of the McKay conjecture for arbitrary finite groups, Ann. Math. 156
(2002) 333–344.
[2] I.G. Macdonald, On the degrees of the irreducible representations of symmetric groups, Bull. London Math.
Soc. 3 (1971) 189–192.
[3] J. Olsson, McKay numbers and heights of characters, Math. Scand. 38 (1976) 25–42.
